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howsoever caused arising directly or indirectly in connection with or arising out of
the use of this material.
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Abstract-In recent years, to enhance the interlaminar fracture toughness of CFRP laminates, interlaminar- 
toughened laminates have been developed in which resin rich layers are placed in interlaminar regions. 
In the present study, stress and displacement fields in interlaminar-toughened cross-ply laminates with 
transverse cracks are analyzed. The analysis is based on a two-dimensional model which assumes that 
generalized plane strain conditions prevail. Account is taken of thermal residual stresses arising from a 
mismatch in thermal expansion coefficients of the 0° ply, interlaminar resin and 90° ply. The analytical 
results are shown for the laminates with interlaminar resin layers of various thicknesses. The analysis 
will be a basis for the optimal design of laminates with interlaminar resin layers. 

Keywords: Composite material; crack opening displacement; interlaminar shear; CFRP; cross-ply laminate; 
transverse cracks; interlaminar-toughened laminate. 

1. INTRODUCTION 

In many applications of fiber-reinforced plastics, they are used mainly in the form 
of multidirectional laminates. Among these composites, cross-ply laminates have 
been extensively investigated [ 1-8] through both theoretical and experimental studies 
because the cross-ply laminate is a basic laminate configuration. The failure process 
of cross-ply laminates is known to involve an accumulation of transverse cracks and 
delamination. 

Most previous studies on the failure process of cross-ply laminates have been fo- 
cussed on the experimental measurement of transverse crack density as a function 
of applied load or on the theoretical prediction of the onset of transverse cracking 
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and its multiplication. In conjunction with the theoretical prediction of mechanical 
behavior and damage progress of cracked laminates, micromechanical stress analyses 
of damaged cross-ply laminates have been conducted. 

Takeda and Ogihara [1-4] conducted in ,situ observation of microscopic failure 

process in CFRP cross-ply laminates at room temperature and at 80°C. Progres- 
sive damage parameters, the transverse crack density and delamination ratio, were 

presented. They pointed out that the thermal residual stress has significant effect 
on the failure process and that quantitative estimation of thermal residual stress was 

important. 
Hashin [5] conducted vatriational stress analysis for cracked cross-ply laminates 

under tension and shear, and predicted stiffness reduction. In the analysis, an admis- 
sible stress state was assumed and the principle of minimum complementary energy 
was applied. Nairn [6] extended Hashin's analysis to consider the thermal residual 

stresses and derived the energy release rate associated with transverse crack formation. 
The energy release rate was used to predict transverse crack density as a function of 

laminate stress. 

Lee and Allen [7] proposed a mathematical model for predicting the stiffness re- 
duction of cracked cross-ply laminates. In their analysis, the principle of minimum 

potential energy was utilized with assumed displacement fields. McCartney [8] an- 

alyzed stress transfer between 0° and 90° plies in cracked cross-ply laminates. The 

solutions were determined to satisfy the stress-strain-temperature relations either 

exactly or in an average sense. 

In recent years, interlaminar-toughened laminates have been developed in which 
resin-rich layers are placed in interlaminar regions to enhance the interlaminar frac- 
ture toughness of CFRP laminates and to restrict delamination onset. Ozdil and 
Carlsson [9, 10] studied mode I interlaminar fracture toughness in laminates with 

interlaminar resin layers. They showed that the interlaminar layers considerably 

improved mode I interlaminar fracture toughness. Askoy and Carlsson [ 11 inves- 

tigated mode II interlaminar fracture toughness in laminates with interlaminar lay- 
ers. 

Odagiri et al. [12, 13] developed a prepreg system which had fine polyamide par- 
ticles on its surfaces. In laminates using the prepreg, polyamide particle-dispersed 

layers were formed at every ply interface. It was shown that the composite system 
had high interlaminar fracture toughness. It was also shown that interlaminar crack 

growth resistance under fatigue loading was higher [14, 15]. However, few stud- 

ies of the failure process in these laminates considering transverse cracks have been 
conducted [ 16]. 

In the present study, stress and displacement fields in an interlaminar-toughened 
cross-ply laminate with transverse cracks are analyzed. The analysis is based on a 

two-dimensional model which assumes that generalized plane strain conditions pre- 
vail. Account is taken of thermal residual stresses arising from a mismatch in thermal 

expansion coefficients of the 0° ply, interlaminar resin and 90° ply. The analytical 
results are shown for the laminates with interlaminar resin layers of various thick- 
nesses. 
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2. ANALYSIS 

2.1. Analytical model 

Consider an interlaminar-toughened symmetric cross-ply laminate as shown in Fig. I 
that has transverse cracks in 90° ply. A set rectangular Cartesian coordinates (x, y, z) 
is selected as shown in Fig. 1. The laminate is subjected to a tensile stress, a, in the 

y-direction. It is assumed that a parallel array of equally spaced transverse cracks 

(crack spacing, 2L) run through the thickness and width of the 90° ply. The transverse 
crack tips stop at the 90°/interlaminar resin layer interface. The thicknesses of the 
outer 0° ply, interlaminar resin layer and inner 90° ply are b, t and 2a, respectively. 
The laminate thickness is denoted by 2h, where h = b + t + u. 

Following McCartney's analysis [8], generalized plane strain conditions are assumed 

such that the displacement components for the 0° ply, interlaminar resin layer and 
90° ply are of the form 

where s* is the uniform transverse strain in the cracked laminate. The value of -* 
will be determined as part of the solution of the problem. 

In the present study, two-dimensional general plane strain analysis is conducted 

for simplicity. However, in this condition, the laminate is subjected to a constraint 
in the transverse direction, that is, constraint strain of E*. This may not be a good 
approximation near the free edges. It is possible to analyze the three-dimensional 

problem if we add one more unknown function to C(y) used in the present analysis. 

Figure 1. A model of interlaminar-toughened cross-ply laminate containing transverse cracks in 90° ply. 
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By taking a similar procedure to McCartney's [8], sets of the equilibrium equations 
and the stress-strain-temperature relations are obtained as following. Stress, strain 

and displacement components and thermo-elastic constants, which are associated with 

the 0° ply, are denoted by a superscript or subscript f. The corresponding quantities 
associated with the interlaminar resin layer and the 90° ply are denoted by a superscript 
or subscript, i and m, respectively. The symbols f and m were used by McCartney [8] 
and the symbol i is introduced in the present paper. 

0' ply: 

interlaminar resin layer: 
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In the relations AT = T - To, where T is the test temperature, and To is the stress- 
free temperature. The parameters EA, VA, J1A and aA are axial Young's modulus, 
Poisson's ratio, shear modulus and thermal expansion coefficient, and ET, VT, /tT 
and aT are the corresponding transverse properties. It should be noted that ET = 

2ftT(l + VT) but EA # 2JLA (1 + VA)- 

2.2. Boundary conditions 

The stress and displacement fields to be analyzed are only for the region between two 

neighboring transverse cracks. The origin for the rectangular Cartesian coordinates is 
selected to be midway between the two transverse cracks and the center of the 90° ply. 
Only solutions which are symmetrical about the x- and y-axes will be considered. It 
is therefore only necessary to consider the positive quadrant x > 0, y > 0. 

Perfect bonding on the interfaces is assumed so that 
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The external surface of the 0° ply is stress-free so that 

Because there is symmetry about the y-axis it follows that 

The symmetry about the x-axis asserts that 

On the surface of the transverse crack 

and for the interlaminar resin layer and outer 0° ply 

where sc is the longitudinal strain applied to the cracked laminate. 
If Q is the stress applied to the laminate in the y-direction, then the following 

condition is always satisfied 

The average transverse stress at applied to the cracked laminate is assumed to be zero 
so that 
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This condition ensures that in the transverse direction the laminate does not support 
any load. 

2.3. An approximate 2D solution 

Following McCartney's analysis [8], it is assumed that the normal stress components 
in the y-direction are independent of x. In the present study, it is also assumed that 
the normal stress component in the y-direction in the interlaminar resin layer does 
not change after transverse cracking. The assumed stress components are 

where C(y) is an unknown function to be determined and where strains - and E* 
are to be chosen so that (37) and (38) are satisfied. The corresponding results are 
shown in Appendix. Qf, ai and om are the stresses in the 0° ply, interlaminar resin 

layer and 90° ply, respectively, that would result in a damage-free laminate having a 

longitudinal strain 8 and a transverse strain 6*. 
On substituting (39), (40) and (41) into (2)2, (8)2 and (14)2, respectively, and 

integrating with respect to x subject to the boundary conditions (20)2, (22)2, (24)2 
and (25) 1, it is easily shown that 

On substitution of (42), (43) and (44) into (8)2 and respectively, and 

integrating with respect to x subject to the boundary conditions (24) 1, (20)] and 

(22) 1, it is shown that - 

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
7:

24
 1

7 
Fe

br
ua

ry
 2

01
3 



158 

The substitution of (41) and (47) into (15) and integrating with respect to x subject 
to the boundary condition (25)2 leads to the result 

On substituting (40) and (46) into (9) and integrating with respect to x subject to the 

boundary condition (21 ) 1 it can be shown that 

On substituting (29) and (45) into (3) and integrating with respect to x subject to the 

boundary condition (23) 1 it can be shown that 

D
ow

nl
oa

de
d 

by
 [

Si
au

liu
 U

ni
ve

rs
ity

 L
ib

ra
ry

] 
at

 0
7:

24
 1

7 
Fe

br
ua

ry
 2

01
3 



159 

On differentiating (50) with respect to y and substituting into (5), an expression for 

avflax can be derived. On integrating the resulting expression with respect to x it 

can be shown that 

where Ai(y)[= vf(a + t, y)] is, for a moment, an arbitrary function arising from the 

integration. On differentiating (49) with respect to y and substituting into (11), an 

expression for 8vi /8x can be derived. On integrating the resulting expression with 

respect to x it can be shown that 

where A2(Y)I= vi(a, y)] is, for a moment, an arbitrary function arising from the 

integration. On differentiating (48) with respect to y and substituting into (17), an 

expression for 8 vm /8x can be derived. On integrating the resulting expression with 
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respect to x it can be shown that 

From (52) and (53), boundary condition (21)2 is satisfied. Using boundary condition 

(23)2, the relation between A1 (y) and A2(y) is derived as 

Although the solution specified by relations (39)-(53) satisfies the stress-strain-tem- 

perature relations (2), (3), (5), (8), (9), (11), (14), (15) and (17) it cannot exactly 
satisfy relations (4), (10) and (16), which have not, so far, been used in the analysis. 
Following the approach of McCartney [8], relations (4), (10) and (16) are replaced 
by their averages. If f (x, y), i (x, y) and m (x, y) are any variables associated with 
0° ply, interlaminar resin layer and 90° ply, averages can be defined by 

Thus on averaging, relations (4), (10) and (16) may be written in the following 
respective forms: 
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Furthermore, for the interlaminar resin layer and 0° ply, an averaging function 

is defined and (58)-(59) are combined into one equation as 

On substituting (39)-(41), (45)-(47) and (51)-(53) into (60) and (62), followed 

by subtraction to eliminate the function A2 (y), the following ordinary differential 

equation is obtained: 
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The general solution of the differential equation (63) satisfying the symmetry con- 

dition C(y) = C (-y) is given by 
ifs > r: 

It follows from (67)-(69) that C'(0) = 0 so that, on using (42)-(44), the bound- 

ary conditions (26)-(28) are automatically satisfied. It follows from (42)-(44) that 

conditions (32)2, (33) and (35) are satisfied if 

Conditions (72) are sufficient to determine the values of the parameters P and Q 

appearing in the solution (67)-(69). It can be shown that for s > r (other cases are 

easily derived) 
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The only boundary conditions which have not been satisfied are given by (29)-(31), 
(34) and (36), although the last is strictly a definition for the strain applied to the 
cracked laminate. It is clear from (51)-(53) that it is not possible for the approximate 
solution derived in this paper to satisfy the conditions (29)-(31) exactly. Following 
McCartney [8], conditions (29)-(31) are replaced by the following averaged condi- 
tions 

From (72), the conditions (76) are satisfied. Using (77), the function A2(y) is given 
by 

Thus, the stress and displacement fields in interlaminar-toughened cross-ply laminates 
with transverse cracks are derived. 

3. RESULTS AND DISCUSSION 

The material system analyzed is T800H/3631 carbon/epoxy system as CFRP prepreg 
and FM300 epoxy resin as interlaminar resin material. The thermo-elastic constants 
used in the analysis are listed in Table 1. The values for T800H/3631 are taken 
from [1] and those for FM300 are taken from [16]. In the present study, effects of 
interlaminar resin layer thickness are investigated. 

The laminate configuration chosen is (0/A/90)5, where A denotes the interlaminar 
resin layer. The ply thickness is 0.135 mm (a = b = 0.135 mm) and t is set to be 

O.la, 0.5a and a. Transverse crack spacing, 2L = 10a, and AT = -160°C are used. 

Figure 2 shows normal stress in the y-direction in the 90° ply as a function of 

y (distance from the midline between transverse cracks). The stress is normalized 

by Q"' which is the 90° ply stress in the damage-free laminate. At transverse crack 
surface (y = L), the stress is zero. The stress has a maximum value at y = 0. As the 
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Table 1. 
Mechanical properties used in the analysis 

Figure 2. Distribution of normal stress in the y-direction in 90° ply. 

interlaminar resin layer thickness increases, the maximum normalized normal stress 
in the 90° ply decreases. 

Figure 3 shows shear stress in the interlaminar resin layer as a function of y. The 
value of shear stress divided by am is shown. From the boundary conditions, the shear 
stress is zero at y = 0 and y = L. As the interlaminar resin layer thickness increases, 
the shear stress decreases, which corresponds to the dependence of the normal stress 
in the y-direction in 90° ply on the interlaminar resin layer thickness as shown in 

Fig. 2. 
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Figure 3. Distribution of shear stress in interlaminar resin layer. 

Figure 4. Distribution of normal stress in the x-direction along interlaminar resin layer/90° ply interface. 
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Figure 5. Transverse crack opening displacement as function of x. 

Figure 4 shows normal stress in the x-(thickness) direction at the 90°/interlaminar 
resin layer interface. The stress is normalized with am. The stress is tensile in 
the central region between the transverse cracks and compressive near the transverse 
cracks. The dependence of the stress distribution on the interlaminar resin layer 
thickness is small. 

Figure 5 shows COD (crack opening displacement) of a transverse crack. The COD 
is obtained by using the following equation. 

The value of COD divided by a is shown as a function of x. The position x = 0 

corresponds to the center of the transverse crack and x = a to the transverse crack 

tip. As the interlaminar resin layer thickness increases, COD/Q decreases. 

4. CONCLUSION 

The stress and displacement fields in an interlaminar-toughened cross-ply laminates 
with transverse cracks are analyzed. The effects of interlaminar resin layer thickness 

are investigated. Based on the analysis, it will be possible to predict the stiffness 
reduction due to transverse cracking and transverse crack formation in the laminates. 
The analysis will be a basis for the optimal design of laminates with interlaminar 
resin layers. 
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APPENDIX 

s and s* in Section 2.1 are derived using (37) and (38). Following a similar procedure 
to McCartney's [8], the resulting expression is ( for s < r) 
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